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We analyze the effects of disorder on the correlation functions of one-dimensional quantum models of
fermions and spins with long-range interactions that decay with distance ` as a power-law 1/`α . Using a
combination of analytical and numerical results, we demonstrate that power-law interactions imply a long-
distance algebraic decay of correlations within disordered-localized phases, for all exponents α . The exponent
of algebraic decay depends only on α , and not, e.g., on the strength of disorder. We find a similar algebraic
localization for wave-functions. These results are in contrast to expectations from short-range models and are
of direct relevance for a variety of quantum mechanical systems in atomic, molecular and solid-state physics.
Quantum waves are generally localized exponentially by
disorder. Following the seminal work by Anderson with spin-
polarized electrons [1] much experimental [2–8] and theo-
retical interest has been devoted to the study of localized
phases and to the localization-delocalization transition for
non-interacting and interacting quantum models [9–28].
While most works have focused on short-range couplings,
long-range hopping and interactions that decay with distance `
as a power-law 1/`α have recently attracted significant inter-
est [29–41] as they can be now engineered in a variety of
atomic, molecular and optical systems. For example, power-
law spin interactions with tunable exponent 0 < α < 3 can
be realized in arrays of laser-driven cold ions [42–46] or be-
tween atoms trapped in a photonic crystal waveguide [47–50];
dipolar-type 1/`3 or van-der-Waals-type 1/`6 couplings have
been experimentally demonstrated with ground-state neutral
atoms [51–54], Rydberg atoms [55–69], polar molecules [70–
72] and nuclear spins [73]. In solid state materials, power-
law hopping is of interest for, e.g., excitonic materials [74–
86], while long-range 1/` coupling is found in helical Shiba
chains [87, 88], made of magnetic impurities on an s-wave
superconductor. In many of these systems, disorder - in par-
ticles’ positions, local energies, or coupling strengths - is
an intrinsic feature, and understanding its effects on single-
particle and many-body localization remains a fundamental
open question.
For non-interacting models, it is generally expected that
long-range hopping induces delocalization in the presence of
disorder for α < d, while for α > d all wave-functions are
exponentially localized [1, 89–92]. However, recent theo-
retical works with positional [93] and diagonal [92] disor-
der have demonstrated that localization can survive even for
α < d. Surprisingly, wave-functions were found to be local-
ized only algebraically in these models, in contrast to the usual
Anderson-type exponential localization expected from short-
range models. How these finding translate to the behavior of
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wave-functions and, crucially, correlation functions in many-
particle systems is not known.
In this work, we investigate the effects of disorder on the
decay of correlation functions and wave-functions in long-
range quantum wires of fermions and spins. These are ex-
tensions of the Kitaev chain with long-range pairing [94–96]
and the Ising model in transverse field [97], corresponding to
integrable and non-integable chains in the absence of disorder,
respectively. For fermions, we determine the regimes of local-
ization for all α for the cases of disordered hopping or pairing.
For the Ising chain, we focus on the regime α > 1, where the
disordered phase diagram has been shown to display many-
body localization theoretically [98] and experimentally [7].
For all models we compute the one-body and two-body con-
nected correlation functions, finding several novel features:
(i) The connected correlation functions decay algebraically at
long distance within all localized phases, (ii) with an exponent
that depends exclusively on α , and not, e.g., on the disorder
strength. (iii) For the fermionic models, we derive analytic
results for the long-distance decay of the correlations that ex-
plain the found algebraic decay, in excellent agreement with
the numerics. (iv) The same analytical predictions are found
to hold also for the correlations of the interacting Ising chain.
(v) For any α , the localized wave-functions of the fermionic
models display a long-distance algebraic decay with exponent
α , different from recent predictions for long-range hopping
models. These results should be of direct relevance to many
experiments in cold atomic, molecular and solid-state physics
with fermions and spins.
Models.— We consider the following Hamiltonians for one-
dimensional long-range fermionic random models
HI,II = H0+VI,II (1)
where H0 is a homogeneous Hamiltonian given by
H0 =−t
L
∑
j=1
(
a†ja j+1+H.c.
)
+µ
L
∑
j=1
n j
+∑
j,`
∆
`α
(
a ja j+`+H.c.
) (2)
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2that describes a p-wave superconductor with a long-range
pairing, and the indices I, II refer to the two different types
of Hamiltonians we consider, namely
VI =
L
∑
j=1
Wj
(
a†ja j+1+H.c.
)
(3)
that corresponds to a random hopping and
VII =∑
j,`
Wj
`α
(
a ja j+`+H.c.
)
(4)
that corresponds to a random long-range pairing. In the pre-
vious equations, a†j (a j) is a fermionic creation (annihilation)
operator on site j, µ is the chemical potential, n j = a†ja j and
Wj are i.i.d random variables drawn from a uniform distribu-
tion of width 2W and zero mean value. We fix the energy scale
by letting ∆ = 2t = 1 and we choose µ = 2.5, corresponding
to a gapped paramagnetic phase for Wj = 0 [94]. Different
values of µ do not change the results we find in the following.
The random Hamiltonians (1) can be written in diagonal form
as HI,II =∑L−1q=0Λqη
†
qηq by a generalized Bogoliubov transfor-
mation defined by ηq = ∑ j(gq, ja j +hq, ja
†
j) [99], with Λq the
energies of the single-particle states labelled by q. The ground
state |Ω〉 is then the vacuum of all quasi-particles ηq and the
matrix elements gq, j and hq, j can be identified with the wave
functions of the two fermionic modes η†q and ηq, respectively.
As an interacting model, we consider the following random
long-range Ising model [97] in transverse field
HLRI =∑
j,`
(sinθ +B j)
σ xjσ xj+`
`α
+
L
∑
j=1
(cosθ +Wj)σ zj , (5)
where σνj (ν = x,z) are Pauli matrices for a spin-1/2 at site j
and B j are i.i.d random variables drawn from a uniform distri-
bution of width 2B and zero mean value. We choose θ = pi/5,
corresponding to a paramagnetic phase for B j =Wj = 0 [95].
Different values of θ will not change the results we find in
the following. For any finite disorder strength, the model
Eq. (5) has been shown to display a many-body localized
(MBL) phase for α > 2 [100–102].
In the following, we first determine the regimes of local-
ization for the fermionic models Eqs. (1) and then compute
the single- and two-body correlation functions, as well as the
wave-functions, within the localized phases using a combi-
nation of analytical and numerical techniques. For the long-
range Ising model Eq. (5) we compute the spin-spin connected
correlation functions numerically. Our goal is to demonstrate
that all these quantities decay algebraically at large distances
both for non-interacting and interacting MBL localized mod-
els and to characterize their decay exponents.
Localized phases of disordered fermions.— We determine
the localized phases for Hamiltonians Eqs. (1) by combining
information from the numerical calculation of the inverse par-
ticipation ratio (IPR) and the entanglement entropy [103]. The
IPR gives information about the spatial extension of single-
particle states and is defined as IPRq = ∑Lj=1[|gq, j|4+ |hq, j|4]
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FIG. 1. Left panels: IPR in the thermodynamic limit as a function
of the disorder strength W and the rescaled energy ε for (a) α = 3
and (b) α = 0.8 for the model (I) with random hopping and (c) for
α = 3.0 for the model (II) with random pairing. In panel (b) the solid
black line marks the region where the number of extended states is
too low for a meaningful data analysis. Only in these panels, for
drawing purpose, the IPR has been rescaled to 1 in correspondence
of its maximum value. Right panels: Scaling of the IPR as a function
of the system size L for ε = 1/2 and different W for (d) α = 3 and
(e) α = 0.8 for the model (I) and (f) for α = 3.0 for the model (II).
In panels (a-c) the symbols indicate the values of W and ε we choose
to plot the IPR in panels (d-f).
for a normalized state with energy Λq. The IPR tends to zero
for increasing L for extended states, while it remains finite for
localized states. If a value for the energies Λq exists that sep-
arates extended states from localized states the system is said
to display a (single-particle) mobility edge.
For comparing the IPR of states with different energies, we
rescale the Λq (obtained for ∼ 200 disorder realizations) ac-
cording to εq = (Λq−Λmin)/(Λmax−Λmin), with Λmax (Λmin)
the maximum (minimum) value of the energies Λq. We then
bin the different levels into groups with equal energy width,
we average the IPR within each bin. Finally, in order to ob-
tain the phase diagrams, we perform a finite-size scaling of
the obtained IPR in the limit L→ ∞ [103].
Figure 1 shows exemplary results for IPR as a function of
W and ε for model Eqs. (1) (I) [for α = 3 and 0.8 in panels
(a) and (b), respectively], and (II) [for α = 3 in panel (c)]
together with examples of finite size scaling [panels (d-e)].
The figure shows that the phase diagrams are much richer than
expected from pure long-range hopping models: For model (I)
with disordered hopping and α > 1 [panel (a)] essentially all
states are localized. For α < 1 [panel (b)] we find that, at
W fixed, there exists a mobility edge below (above) which all
the states are localized (delocalized). For model (II) [panel
(c)] with disordered pairing when α > 1 localized states are
present at all energies if W & 2, while we find a mobility edge
for α > 1 and W . 2: all states are delocalized at low energy
ε and localized for higher ε . Below we focus on the identified
localized phases and compute the correlation functions and
3wave-functions for all models.
Correlation functions.— We consider the single-particle
correlator C( j, `) = 〈a†ja j+`〉W for the two free-fermionic
models of Eqs. (1) as well as the spin-spin correlation function
Sν( j, `) =
[
〈σνj σνj+`〉−〈σνj 〉〈σνj+`〉
]
W
(for ν = x,z) for the
interacting long-range Ising model of Eq. (5). In the defini-
tions of C( j, `) and Sν( j, `) the subscript W indicates averag-
ing over the disorder distribution. For models with short-range
interactions, all the correlation functions decay exponentially
with `. Here we are interested in the effects of long-range
interactions.
Figures 2(a) and (b) show representative results for the cor-
relator C(`) := C( j0, `) for models HI and HII, respectively,
for different values of α . We choose j0 = L/4 far from the
edges in order to avoid boundary effects. We find numerically
that the long-distance decay of C(`) is always of power-law
type C(`)∼ `−γ for all α within localized phases. In particu-
lar, for model HI [panel (a)] and α < 1 the decay is essentially
algebraic at all distances with γ ∼ 2−α , while for α > 1 we
find for both models a hybrid decay that is exponential at short
distances and power-law at large distances, with γ ∼ α [pan-
els (a) and (b)]. Remarkably, we find that the values of the
decay exponents of the power-law tails do not depend on the
disorder strength W [103].
This surprising long-distance behavior of correlations can
be understood by computing the correlations analytically
treating disorder as a perturbation. Here, we focus on model
(I) with perturbation VI, while a similar argument can be ap-
plied also to (II). The homogeneous Hamiltonian H0 can be
diagonalised via Fourier and Bogoliubov transformations as
H0 =∑k λα(k)ξ
†
k ξk, where λα(k)= [(cosk−µ)2+4 f 2α(k)]1/2
and ξk are extended Bogolioubov quasi-particles related to
the unperturbed fermionic operators in momentum space via
a˜k = vkξk−ukξ †−k with vk = cosϕ(k) and uk = i sinϕ(k), with
tan2ϕ(k) = fα(k)/[µ−cosk] and fα(k) =∑L−1`=1 sin(k`)/`α 1.
At first order in Wj the ground state |Ω0〉 of the unperturbed
Hamiltonian H0 is modified by VI as
|Ω〉= |Ω0〉+ |δΩ0〉= |Ω0〉−∑
kk′
Jk,k′A(k,k
′)ξ †k ξ
†
k′ |Ω0〉 , (6)
where we define Jk,k′ = −∑ j ei(k−k′) jWj/L and A(k,k′) =
2(eik+e−ik′)vku∗k′/[λ (k)+λ (k
′)]. Since 〈Jk,k′〉W = 0, we note
that the terms 〈δΩ0|a†ja j+`|Ω0〉W and 〈Ω0|a
†
ja j+`|δΩ0〉W
vanish due to averaging over the disorder distribution. Thus,
we obtain the following expression for C(`)
〈Ω|a†ja j+`|Ω〉W = 〈Ω0|a
†
ja j+`|Ω0〉+ 〈δΩ0|a†ja j+`|δΩ0〉W .
(7)
The first term in the r.h.s. of Eq. (7) corresponds to
the correlator of the homogeneous system [95] that is
1 The functions fα (k) when L → ∞ become fα (k) =[
Liα(eik)−Liα(e−ik)
]
/(2i), with Liα(z) = ∑ j z j/ jα a polylogarithm
of order α [104]
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FIG. 2. (a) Correlation function C(`) for the model (I) as a function
of the lattice site ` for different values of α and for W = 5, L = 2000
and 400 disorder realizations. The power-law tails are fit by the black
lines scaling as 1/`2−α (dashed) and 1/`α (solid) in agreement with
the analytical results in Eq. (11). (b) Same as panel (a) but for the
model (II).
〈Ω0|a†ja j+`|Ω0〉 =
∫ 2pi
0 dk e
ik`R0(k), with R0(k) = |uk|2. The
second term arises instead because of the random part of the
Hamiltonian and reads
〈δΩ0|a†ja j+`|δΩ0〉W =
2W 2
3
∫ 2pi
0
dk eik`R1(k), (8)
where we have defined R1(k) = [c−U(k)]|uk|2−V (k)|vk|2,
with c that does not depend on k [103], V (k) =
∑p A(p,k)A(k, p)∼ fα(k)/λα(k) and U(k) =V (−k). The be-
haviour of both integrals for `→ ∞ can be extracted by inte-
grating R0(k) and R1(k) for k→ 0. In this limit, fα(k), and
thus the single-particle energy λα(k), display a non-analytical
scaling fα(k)∼ |k|α−1 [103]. For the first term in the r.h.s. of
Eq. (7) the latter behavior results in (details in Ref. [103])
〈Ω0|a†ja j+`|Ω0〉 ∼

1/`2−α for α < 1
1/`2α−1 for 1< α < 2
1/`α+1 for α > 2
(9)
which corresponds to the expected long-distance power-law
decay of correlation functions for the homogeneous gapped
superconductor with long-range pairing [94, 95, 105–107].
Instead, for R1(k) the scaling of fα(k) near k→ 0 implies
R1(k)∼
{
k1−α for α < 1
kα−1 for α > 1
(10)
which entails the following form of the disordered part of C(`)
〈δΩ0|a†ja j+`|δΩ0〉W ∼
{
W 2/`2−α for α < 1
W 2/`α for α > 1
(11)
after the integration of R1(k) in Eq. (8) [103].
The discussion above demonstrates the following surpris-
ing results: (i) For α < 1 disorder is an irrelevant perturbation
that does not modify the power of the algebraic decay of cor-
relations, rather it affect its strength. (ii) For α > 1, the decay
of correlations due to disorder is always algebraic, with an
exponent that is smaller than for the homogeneous case with
Wj = 0. This implies that disorder enhances quasi-long-range
order in these gapped models. (iii) For α ≤ 2 we find the
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FIG. 3. (a) Correlation function Sx(`) for the long-range Ising model
with a random transverse field [W = 5sin(pi/5)] and a constant in-
teraction term (B = 0) for a system of L = 100 spins and 50 disor-
der realizations. (b) Correlation function Sz(`) for the long-range
Ising model with a random interaction [B = 5sin(pi/5)] and a con-
stant magnetic field (W = 0). In both panels, the power-law tails are
fit by the black lines scaling as 1/`α .
duality relation γ(α) = γ(2−α) in the exponents of the alge-
braic decay. This is reminiscent of the duality recently found
for the decay exponent of the wave functions of long-range
non-interacting spin models with positional disorder [93]. We
come back to this point below.
The density-density correlation functions G( j, `) =[〈n jn j+`〉−〈n j〉〈n j+`〉]W can also be obtained from the
single-particle correlators 〈a†ja j+`〉 and 〈a†ja†j+`〉 by means of
the Wick theorem. Examples of G(`) are reported in [103].
Numerically we find that in the localized phases for model (I)
when α < 1, G(`)∼ 1/`2 while for both models G(`)∼ 1/`2α
when α > 1. The former behaviour with a decay exponent
that does not depend on α is identical to that already observed
in Refs. [94, 95] in the absence of disorder. This underlines
the irrelevance of disorder for α < 1. For α > 1, the decay is
explained by considering the limit `→ ∞ of |C(`)|2 ∼ 1/`2α
in Eq. (11).
For the random interacting long-range Ising model, we
compute the spin-spin correlation functions Sν(`) := Sν( j0, `)
(ν = x,z) within the MBL phase with α > 1, by using a
DMRG alghoritm [108]. Here we choose j0 = L/10. For
the simulations, we use up to 400 local DMRG states, 16
sweeps and we average Sν(`) over 100 disorder realizations.
Strikingly, we find that Sν(`) decays algebraically with ` as
Sν(`) ∼ `−γ with an exponent that is consistent with γ = α ,
in complete agreement with the discussion above for non-
interacting theories. As an example, Fig. 3(a) shows Sx(`) as a
function of ` for different values of α , W = 5sin(pi/5)≈ 2.93
and B = 0, while Fig. 3(b) shows Sz(`) as a function of ` for
different values of α , W = 0 and B = 5sin(pi/5). The corre-
sponding fits (continuous lines) with 1/`α perfectly match the
numerical results.
The demonstration of quasi-long range order found in long-
range couplings in the presence of disorder is a central result
of this work. We argue that the fact that these results are found
both for non-interacting and interacting models strongly sug-
gests the existence of a universal behavior due to long-range
coupling.
Localization of wave functions.— Numerical results on the
decay of the single-particle wave functions are obtained by
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FIG. 4. (a) Decay of the averaged wave function Φ(`) (absolute
value, see text) of localized states for the model (I): If α > 1 we
find an hybrid exponential and power-law behaviour. If α < 1 the
exponential part is suppressed and only the power-law tail is visible.
The black lines correspond to fit of the data scaling as 1/`γwf . (b) De-
cay exponent γwf for the model (I) of the long-distance tail of Φ(`)
as a function of W for different values of α . The decay exponent
satisfies γwf ∼ α and does not show significance dependence on W .
(c-d) Same as (a-b) but for the model (II) with random long-range
pairing.
considering the mean value Φ(`) = ∑Nq=1|gq,`− jM |/N where
we average N = L/4 wave functions gq,` with lowest energies,
shifted by the quantity jM that corresponds to the lattice site
where |gq,`| shows its maximum value. We average Φ(`) also
over several disorder realizations (of the order of 500).
Figure 4 shows typical results of the decay of Φ(`) as a
function of the distance ` within the localized phases of mod-
els (I) and (II) of Eqs. (1) [panels (a,b) and (c,d), respectively].
Remarkably, we find that the wave functions decay alge-
braically at long distances regardless of the strength W of the
disorder, mimicking the scaling of the correlation functions
discussed above. However, for all α , i.e. both α > 1 and
α < 1, Φ(`) decays at large distances as Φ(`) ∼ `−γwf , with
an exponent γwf consistent with γwf∼α . This is different from
the results of Ref. [93] with positional disorder, where for
α < 1 one gets γwf ∼ 2−α . For sufficiently large α > 1 this
algebraic decay is preceded by an exponential decay at short
distances, reminiscent of the exponentially localized states of
short-range random Hamiltonians.
In summary, we have demonstrated that interactions that
decay as a power-law with distance induce an algebraic de-
cay of correlation functions and wave functions both in non-
interacting and interacting models in the presence of disorder.
This is in stark contrast to results expected from short-range
models, and generalises recent results for the decay of wave-
functions in quadratic models. These results are of immediate
interest for experiments with cold ions, molecule, Rydberg
atoms and quantum emitters in cavity fields, to name a few. It
is an exciting prospect to explore the properties of many-body
quantum phases in the search of exotic transport phenomena
with long-range interactions.
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In this Supplemental Material we present details on the numerical simulations and on the analytical derivations related to the p-wave
superconducting random models that are not shown in the main text. Specifically, in Sec. I we analyze the scaling of the von Neumann entropy
that gives further information on the localization properties of the wave functions of model (I). In Sec. II we give the details on the analytical
computation of the decay of the single-particle correlation functions, and we show the decay exponents computed numerically. Finally, we
show the behavior of the density-density correlation functions.
I. ENTANGLEMENT ENTROPY
In this Section we give further insight on the localization properties of the states of Hamiltonians (I) by analysing the entan-
glement properties of their eigenmodes.
Measures of entanglement have been widely used to characterise the properties of ground states of many-body quantum
systems [S1] as well as to quantify the degree of localisation for ground- and excited states of disordered models [S2]. A
non-trivial measure of the rate of entanglement for a state |φ〉 is the von Neumann entropy SvN(φ , `) = −Trρ` log2ρ`, where
ρ` = Tr L\` |φ〉〈φ | is the reduced density matrix of the state |φ〉 that contains ` sites of the entire lattice. SvN is known to follow
an area-law scaling for localized states ψloc [i.e. SvN(ψloc, `)∼ `0], while for extended states ψext it it follows a volume law, e.g.
it scales as SvN(ψext, `) ∼ ` [S3–S5]. In the following we compute SvN semi-analytically for a bipartition of the chain into two
equal halves (`= L/2) for the excited states. An excited state of the Hamiltonians HI,II is defined by assigning a set of occupied
modes n = {n1,n2, . . . ,nL } with nq = 0,1 and then creating single quasi-particles η†q on the ground state |Ω〉 if the mode q is
occupied
|n〉=
L−1
∏
q=0
[η†q ]
nq |Ω〉 . (S1)
The two classes of excited states that we consider for computing the von Neumann entropy are given by
|nν〉= |0 . . .0︸ ︷︷ ︸
ν
11 . . .11︸ ︷︷ ︸
L/4
0 . . .0〉 (S2)
|n′ν〉= |0 . . .0︸ ︷︷ ︸
ν
1010 . . .1010︸ ︷︷ ︸
L/4
0 . . .0〉 . (S3)
We study the scaling of the von Neumann entropy as a function of the energy e(ν) = ∑q nqΛq and the system size L.
Following Ref. [S6], we compute the entropy of the excited states as a function of their energy and, by changing ν , we can
explore the whole energy spectrum. This will provide a complete understanding of the different scalings of SvN with L for high-
and low-energy states.
In order to compare the entropies of different eigenmodes, we first rescale the energies by introducing ε = [e(ν)−
Emin]/(Emax − Emin), where Emin (Emax) is the minimum (maximum) among the energies of the excited states of Eqs. (S2)
or (S3). We then average the entropies, after binning them into groups of equal energy width.
In Fig. S1 we show the entanglement entropy of the excited states of Hamiltonian (I) as a function of the system size L for
a given choice of W = 1 and for α = 3 and α = 0.5. Panel (a) shows the entropy for the excited states |n〉 defined in Eq. (S2)
while panel (b) shows the entropy for the excited states |n′〉 defined in Eq. (S3). For α = 3, the entropy shows an area-law
behavior (i.e., SvN ∼ L0) for both the types of excited states at all energies. That behavior can be explained by the localisation
90
1
2
3
4
5
6
7
8
100 150 200 250 300
en
tro
py
L
0.0
0.5
1.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
100 150 200 250 300
en
tro
py
L
0.0
0.5
1.0
 α = 0.5
α = 3
α = 0.5
α = 3
(a) (b)
FIG. S1. von Neumann entropy SvN for the many-particle excited states of Hamiltonian (I) as a function of the system size L for different
energies ε and W = 1: (a) states |n〉 from Eq. (S2), (b) states |n′〉 from Eq. (S3). For α = 3.0, as all single-particle modes are localized, the
entropy of the states for all energies does not depend on the system size (i.e the von Neumann entropy satisfies an area law). For α = 0.5,
the scaling of the entanglement entropy depends on the energy of the excited states |n〉 and |n′〉: it goes from approximately constant for the
low-energy states (depicted in blue), while it is found to follow a volume law (i.e., SvN ∼ L) for the high-energy ones (depicted with green
lines).
of all single-particle modes. For α = 0.5, instead, the scaling of the entanglement entropy depends on the energy of the excited
states |n〉 and |n′〉: it goes from approximately constant for the low-energy states (depicted in blue), while it is found to follow
a volume law (i.e., SvN ∼ L) for the high-energy ones (depicted with green lines). We notice that the changing in the behavior
of the entropy from area law to volume law is enhanced for the states |n′〉. This behaviour is compatible with the presence of a
mobility edge for all α < 1 that separates localized low-energy states from extended high-energy ones.
II. DECAY OF CORRELATION FUNCTIONS
In this Section we show how to compute the correlation function C( j, i) = 〈a†jai〉 by perturbation theory. We will discuss only
the model with random hopping, as the one with random long-range pairing can be treated similarly.
A. Correlation functions - Perturbation theory
We recall that the Hamiltonian HI in Eq. (1) of the main text is formed by two parts:
HI = H0+VI (S4)
where
H0 =−t
L
∑
j=1
(
a†ja j+1+H.c.
)
+µ
L
∑
j=1
a†ja j +∑
j,`
∆
`α
(
a ja j+`+H.c.
)
, (S5)
and
VI =−t
L
∑
j=1
Wj
(
a†ja j+1+H.c.
)
. (S6)
In order to compute the correlation function C( j, i) = 〈Ω|a†jai|Ω〉 on the ground state |Ω〉 of HI in Eq. (S4), we first find the
first-order correction |δΩ0〉 to the ground state |Ω0〉 of H0 by treating VI as a perturbation.
The first-order correction |δΩ0〉 to the ground state |Ω0〉 of the Hamiltonian H0 due to the perturbation VI is given by [S7]
|δΩ0〉=∑
n0
〈n0|VI|Ω0〉
E(n0)−E0 |n0〉 (S7)
where, the quantities E(n0) and E0 are the energy of the states |n0〉 and of |Ω0〉, respectively and |n0〉 indicates an excited state
of the homogeneous Hamiltonian H0 that can be diagonalized via Fourier and Bogoliubov transformations as
H0 =∑
k
λα(k)ξ †k ξk. (S8)
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The ground state |Ω0〉 of H0 is then the vacuum of all quasi-particles ξk.
In Eq. (S8) we have defined the single-particle energy
λα(k) = [(cosk−µ)2+4 f 2α(k)]1/2 (S9)
and the Bogolioubov quasi-particles ξk that are related to the original fermionic operators a˜k in momentum space via
a˜k = vkξk−ukξ †−k (S10)
with vk = cosϕ(k) and uk = i sinϕ(k) where tan2ϕ(k) = fα(k)/[µ − cosk] and fα(k) = ∑L−1`=1 sin(k`)/`α . We notice that the
functions fα(k) when L→ ∞ become fα(k) =
[
Liα(eik)−Liα(e−ik)
]
/(2i), with Liα(z) = ∑ j z j/ jα a polylogarithm of order α .
The excited states |n0〉 are defined by assigning a set of occupied modes n0 = {n1,n2, . . . ,nL } with nq = 0,1 and then creating
single quasi-particles ξ †q on the ground state |Ω0〉 if the mode q is occupied
|n0〉=
L−1
∏
q=0
[ξ †q ]
nq |Ω0〉 . (S11)
The first-order correction |δΩ0〉 can now be obtained from Eq. (S7) that gives
|Ω〉= |Ω0〉+ |δΩ0〉= |Ω0〉−∑
kk′
Jk,k′A(k,k
′)ξ †k ξ
†
k′ |Ω0〉 , (S12)
where we have defined Jk,k′ =−∑ j ei(k−k′) jWj/L and A(k,k′) = 2(eik + e−ik′)vku∗k′/[λ (k)+λ (k′)].
On a single disorder realization the correlation function 〈Ω|a†jai|Ω〉 takes the form
〈Ω|a†jai|Ω〉= 〈Ω0|a†jai|Ω0〉+ 〈δΩ0|a†jai|Ω0〉+ 〈Ω0|a†jai|δΩ0〉+ 〈δΩ0|a†jai|δΩ0〉 . (S13)
If we now average Eq. (S13) over many disorder realizations, the cross terms 〈δΩ0|a†jai|Ω0〉 and 〈Ω0|a†jai|δΩ0〉 vanish as, due
to the correction |δΩ0〉, only one random term Wj (that has mean value zero) appears in them. Therefore we get
〈Ω|a†jai|Ω〉W = 〈Ω0|a
†
jai|Ω0〉+ 〈δΩ0|a†jai|δΩ0〉W . (S14)
The first term of the r.h.s. of Eq. (S14) corresponds to the correlator for a homogenous translationally-invariant system. By
rewriting a†j and ai in momentum space and by using Eq. (S10) recalling that ξk |Ω0〉= 0 we obtain
C0(`) := 〈Ω0|a†jai|Ω0〉=
1
L∑k
eik`R0(k) (S15)
where `= j− i and R0(k) = |uk|2.
In the second term of the r.h.s. of Eq. (S14), as we are averaging on the disorder configurations, we can expect that the disorder
average 〈δΩ0|a†jai|δΩ0〉W will be translationally invariant, i.e. it will depend on the relative distance ` = j− i while the terms
that depend on i and j separately will average out to zero (see §6.5 in Ref. [S8] or §12.3 in Ref. [S9]). By keeping only the terms
that depend on `, after rewriting a†j and ai in momentum space and using again Eq. (S10) recalling that ξk |Ω0〉= 0, the second
term becomes
C1(`) := 〈δΩ0|a†jai|δΩ0〉W =
W 2
3L ∑k
eik`R1(k) (S16)
where
R1(k) = c|uk|2+U(k)|uk|2−V (k)|vk|2, (S17)
c =∑
p
A(p, p)2− ∑
p1 p2
A(p1, p2)A(p2, p1), (S18)
U(k) = 2∑
p
A(p,−k)A(−k, p) =− fα(k)
λα(k)∑p
2+2cos(p− k)
(λα(k)+λα(p))2
fα(p)
λα(p)
, (S19)
V (k) = 2∑
p
A(p,k)A(k, p) =
fα(k)
λα(k)∑p
2+2cos(p+ k)
(λα(k)+λα(p))2
fα(p)
λα(p)
. (S20)
We note that the quantity c does not depend on k.
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FIG. S2. Integration contour for evaluating the asymptotic behaviors of the correlators C0(`) in Eq. (S24) and C1(`) in Eq. (S30).
B. Correlation functions - Asymptotic behavior
In this Section we show how the two correlators C0(`) and C1(`) behave asymptotically for `→ ∞.
Let us consider C0(`) in Eq. (S15) first. In the limit L→ ∞ we can replace the summation with an integral
C0(`) =
1
2pi
∫ ∞
−∞
dk eik`R0(k). (S21)
The asymptotic behavior of C0(`) for `→ ∞ can be computed by considering the integrals I+0 and I−0 on the complex plane in
Fig. S2 that are
I+0 =
1
2pi
∫
s+
dz eiz`R0(z)+
1
2pi
∫
Γ+
dz eiz`R0(z)+
1
2pi
∫ ∞
0
dk eik`R0(k) (S22)
I−0 =
1
2pi
∫
s−
dz eiz`R0(z)+
1
2pi
∫
Γ−
dz eiz`R0(z)+
1
2pi
∫ 0
−∞
dk eik`R0(k) (S23)
where we have chosen to put the branch cut of the complex logarithm [see the expansion of the polylogarithm in Eq. (S25)] on
the imaginary positive axis.
By sending the radius r of the circles Γ± to infinity and by neglecting possible residues inside the integration contour that will
contribute only with exponential decaying terms we have
C0(`) =− 12pi
∫
s+
dz eiz`R0(z)− 12pi
∫
s−
dz eiz`R0(z)
=
i
2pi
∫ ∞
0
dy e−y`R0(ε+ iy)− i2pi
∫ 0
−∞
dy e−y`R0(−ε+ iy)
=
1
pi
∫ ∞
0
dy e−y` ImR0(iy)
(S24)
where on the lines s± the complex variable is z =±ε+ iy with ε a small positive parameter that we send to zero.
We are able now to evaluate the asymptotic behavior of C0(`) by computing the y→ 0 part of Im[R0(iy)] and then integrating
the last equality in Eq. (S24). This is done by recalling that the polylogarithm admits the series expansion [S10, S11] for a
general complex number z as
Liα(z) = Γ(1−α)
(
ln
1
z
)α−1
+
∞
∑
n=0
ζ (α−n) (lnz)
n
n!
(S25)
that makes them non-analytical due to the presence of the complex logarithm and the power-law. In Eq. (S25), Γ(x) and ζ (x)
are the Euler gamma function and the Riemann zeta function, respectively.
By using the series expansion of the polylogarithms from Eq. (S25) that yields
Liα(e−y)−Liα(ey) = Γ(1−α)
(
1+ eipiα
)
yα−1−2
∞
∑
n odd
ζ (α−n)
n!
yn (S26)
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we can obtain the function R0(iy) on the imaginary axis:
R0(iy) =
µ− coshy
2λα(iy)
∼ µ−1
2
√
(µ−1)2−Γ2(1−α)(eipiα +1)2y2α−2−4Γ(1−α)(eipiα +1)ζ (α−1)yα . (S27)
The previous equation in the limit y→ 0 gives
ImR0(iy) =

y1−α for α < 1
y2α−2 for 1< α < 2
yα for α > 2
(S28)
and, after performing the last integral in Eq. (S24), the asymptotic behavior of C0 turns out to be
C0(`)∼

1/`2−α for α < 1
1/`2α−1 for 1< α < 2
1/`α+1 for α > 2.
(S29)
For the correlator C1(`) in Eq. (S16) we can use the same contour in Fig. S2 and get
C1(`) =
W 2
3pi
∫ ∞
0
dy e−y` ImR1(iy). (S30)
For the asymptotic behaviour of C1(`), we need again the y→ 0 part of R1(iy). Let us start by noting that from Eqs. (S19)
and (S20) the y→ 0 part of both U(iy) and V (iy) is given by
Im[U(iy)|uiy|2]∼ Im[V (iy)|viy|2]∼ Im fα(iy)(µ− coshy)λ 2α(iy)
∼
{
y1−α for α < 1
yα−1 for α > 1.
(S31)
The previous equation, by considering also the contribution coming from c|uiy|2 [see Eq. (S17)], gives
ImR1(iy)∼
{
y1−α for α < 1
yα−1 for α > 1
(S32)
and after integrating Eq. (S30), we finally get the correlator
C1(`) =
{
W 2/`2−α for α < 1
W 2/`α for α > 1.
(S33)
The asymptotic behavior coming from Eqs. (S29), (S33) can be checked by computing the correlator C(`) numerically as
reported in Fig. 2(a) of the main text. Remarkably, the values of the decay exponents of the power-law tails do not depend on the
disorder strength W as shown in Fig. S3 where we plot the decay exponents of C(`) as a function of W for different values of α .
For completeness we show also the decay exponent of the correlation function C(`) for the model (II) with random long-range
pairing.
C. Density-density correlation function
From the single-particle correlators 〈a†ja j+`〉 and 〈a†ja†j+`〉, by means of the Wick theorem, we computed also the density-
density correlation functions G( j, `) =
[〈n jn j+`〉−〈n j〉〈n j+`〉]W = [|〈a ja j+`〉|2−|〈a†ja j+`〉|2]W .
Examples of G(`) = G( j0, `) with j0 = L/4 are shown in Fig. S4 for a system of L = 2000 sites and for a disorder strength
W = 5. Numerically we find that in the localized phases for model (I) when α < 1, G(`) ∼ 1/`2 while for both models
G(`) ∼ 1/`2α when α > 1. The first behaviour with a decay exponent that does not depend on α has been already observed in
Refs. [S12, S13], while the second can be explained by looking at the `→ ∞ scaling of |C(`)|2 ∼ 1/`2α in Eq. (S33).
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